DP Physics
Derivation of Capacitor Charging and Discharging Equations

Charging of a Capacitor (Switch in Position A)

By Kirchhoff's Laws, ¥V, —V —V = 0. With some —— & B
simple substitution, 7, —iR— % = 0. We know that
the current describes the rate at which charge is
increasing on the plate of the capacitor. This can be _ 2
written as i = % : .
Thisleadsto V- %R— £=0

With some algebra, this equation becomes

VeC—q _ dq
RC  dt
Separating the variables of g and ¢ gives If—é = %
This form can be analysed by assuming u =V ,C — ¢ which leads to du =—dg
So b =—du
RC u

Integrating both sides JRd—é =[- 4 leads to L +k =— In(u) where k is some constant.

Substituting for u and multiplying by -1 leads to — &= —k = in(V ,C — q)
So efce* =V ,C—q butwe know that at t=0, g=0 so e* =V ,C
Then V ,Ce e =V ,C—gq
Solving for q gives
q=V,C(l-er)
which is the equation that describes the charge on a capacitor during charging.
Since the potential difference across the capacitoris V = % ,
Ve=Vg(l-er)
As stated earlier, i = % $0 i=4(VzC(1-e 7)) = (- &)V 5C(~ ¢ 7). This simplifies to:
i= %eff
The resistor obeys Ohm’s Law V' =iR, so

e
Ve=Vgere

Notice that all of these equations include ¢ % . RC determines the rate of change for the
curves. This is a quantity called the “time constant.”
T =RC



Discharging a Capacitor (Switch in Position B)

When the switch is changed from position A to
position B, Kirchhoff's law gives V .-V ,=0.
Subtituting V.= £ and ¥, = iRleads to
£-iR=0.

During the discharge process, i =— % SO

4 _(—d\p —
L-(-<HR=0.

; ; _dt _ dq
Separating variables — <= .

Integrating both sides |- 4 =I%‘1 leads to — & + &

Knowing that at t=0, g=q, produces the equation

q=qe T

Since i=— % and ¢, =CV,
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Going back to Ohm’s law and Kirchhoff's law
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